Complex Analysis Assignment 1
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Monsoon 2025

Problem 1

Consider the function (defined using power series in class)
sin: C = C

z + sin(z)

Is it a bounded function? If yes, give a proof. If no, give a couterexample with explana-
tion.

Solution
The function sin(z) is not a bounded function over the complex plane.

Proof. Let us look at the power series definition of sin(z):

0 (_1)nz2n+1

sin(z) = nz:% ot

Here, 2z = x 4+ 1y where z,y € R. Now, let us expand this.

23 25

Substituting z = x + iy:

(x+1y)® (v +iy)®
3] + 5] — ...

sin(z +iy) = (¢ + iy) —

If y=0 = sin(z) € R% But we want sin(z) to be in C. So, we consider the case where



r=0 = sin(iy).

(i) | (i) (iy)

sin(iy) = iy — i + T +...
.
:Zy+£+@'§_f+@$_!7+
= (y+y—+—+%+ )
©  ontl
= inr

n=

2l

Let us denote the series > 7 pas S(y).

n=0 2n+1

Now, Yy > 0(€ R),S(y) > y. Asy — o0, S(y) — oo. Therefore, sin(iy) = iS(y) also
becomes unbounded as y — oo.
]

Problem 2

Observe that

lim ™™ = 1.
n—oo

Let f:C\ {0} — C such that
f(z) == €Y=

Show that for any complex number c there exists a sequence {c,}>°, of complex
numbers such that

lim ¢, =0, lim f(c,) =c.
n—oo n—oo
Solution
2min

From our observation, we know that lim,,_,. € = 1. This tells us that the exponential

function is periodic. So, lim,, . eV T2™" = v,

Claim: For every ¢ € C there exists a sequence {c,}, -, such that lim,, . f(c,) = c.

Proof. We can divide this proof into two cases, based on the value of c.

Case 1: ¢c= 0

Let ¢, = }n where n € R*.

Then, as n — 00, ¢, — 0 and f(c,) = e/ = ™. We know lim,,_,o f(c,) = lim, 400 €™ =
0.



Case 2: ¢ # 0

Let us construct a sequence {¢, }5°, such that it satisfies the conditions of the problem
statement.
Choose w € C such that e = ¢. This is possible since the exponential function is surjective
onto C \ {0}. Now, for n € N, define the sequence:

1

Cp = ——
w + 2min

Also, as n — 0o, w + 2mwin — oo and hence ¢, — 0.
Now, we plug this in f(c,):

f(cn) _ el/cn _ ew+2m’n — . 627rin —c-l=¢
So, lim,, ., f(c,) = c.

.. We have constructed a sequence {c,}>2, such that lim,,_, ¢, = 0 and lim,_,.. f(c,) = ¢
for any ¢ € C. O

Problem 3

Let U C C be an open subset and f : U — C be complex differentiable everywhere.
Show the following:

(1) If f is real-valued then f is constant.
(2) If Re(f) is constant then f is constant.

(3) If | f] is constant then f is constant.

Solution (1)
Proof. We know that,
f:U—=C
f(2) = u(z,y) +iv(z,y)

where u(z,y) = Re(f) and v(z,y) = Im(f).

Since f is real-valued, v(z,y) = 0V(z,y) € U.

Now, since f is complex differentiable everywhere in U, it satisfies the Cauchy-Riemann
equations:

Ju Qv ou ov
ox oy U oy ox
Substituting v(z,y) = 0:
Ou =0 and Ou =0
ox oy
This implies that u is constant throughout U. Therefore, f(2) = u(x,y) +7-0 = u(z,y) is
constant. ]



Solution (2)

Proof. Given that Re(f) is constant, let Re(f) = ¢ for some constant ¢ € R. Thus, we can
write:

f(z) = c+iv(z,y)
where v(z,y) = Im(f).

Since f is complex differentiable everywhere in U, it satisfies the Cauchy-Riemann equa-
tions. Now, substituting u(z,y) = ¢

— =0 d —=0
ox o oy
This implies that:
@ =0 and - @ =0
dy ox
Thus, % = 0 and % = 0, which means v is constant throughout U. Therefore, f(z) =
x y

c¢+1i-v(x,y) is constant.
[

Solution (3)

Proof. Given that |f| is constant, let |f| = r for some constant » > 0. Thus, we can write:

£ = Vo s F + o sF =

Squaring both sides, we get:

u(z,y)? +v(z,y)* = r?

Differentiating both sides with respect to x and y:

ou ov
2 + 20— =0 (1
L + 2v o 0 (1)
ou ov
2u— +2v—=0 (2
u 9y + 2v 3y (2)
Since f is complex differentiable everywhere in U, it satisfies the Cauchy-Riemann equations:
ou Ov
o)
or 0Oy
ou ov
T=-2l
dy ox

Substituting equations (3) and (4) into (1) and (2): From (1):

ou ou

4



From (2):

ou ou

This can be written in matrix form:

() @)-0)
v 5y 0
The determinant of the coefficient matrix is:
(u? +v?) =r?
Since r # 0, the determinant is non-zero, which implies that the only solution to the system

1S
ou ou
% =0 and a—y =0

This means that u is constant throughout U. Substituting back into the equation u(x,y)* +
v(z,y)? = r?, we find that v must also be constant. Therefore, f(z) = u(z,y) + iv(x,y) is
constant. ]

Problem 4
Suppose [ : C> - R* and J : R* — C? are such that

I(a+ib,c+id) = (a,b,c,d), J(a,b,c,d) = (a+1ib,c+id).
Answer the following questions with justifications:

(1) Suppose V is a 1-dimensional vector subspace of the vector space C? over
the field C. Is I(V) a 2-dimensional vector subspace of R* over the field R?

(2) Suppose W is a 2-dimensional vector subspace of the vector space R* over
the field R. Is J(I¥) a 1-dimensional vector subspace of C? over the field C?

Solution (1)

Proof. Let us first show that I is a real linear transformation.
We know that for any 2z, 2z € C? and o, 8 € R:

[(0421 + 622) = Oé[(Zl) + 5[(2’2)

This shows that [ is a real linear transformation.
Now, let V be a 1-dimensional vector subspace of C? over C. This means that there exists
a non-zero vector v € C? such that:

V={\w:\eC



Let v = (21, 29) where 21,25 € C and z; = a1 + iby, 20 = as + iby where ay, by, as, by € R.
Then,
I(U) = [(Zlsz) = <a15b17a27b2) € R4

Now, consider any vector w € V.

where A = z 4 1y for some =,y € R.
Then,
I(w) = I(Az1, A\22) = (xa; — yby, xby + yaq, xas — yby, xbs + yas)

The set I(V') is spanned by the vectors:
(alablaa’27b2) and <_blaa1a _ana'Q)

Since these two vectors are linearly independent (as v # 0), I(V) is a 2-dimensional vector
subspace of R* over the field R.
[l

Solution (2)

Proof. No, J(W) is not necessarily a 1-dimensional vector subspace of C? over the field C.
Let us construct a counterexample.
Consider the 2-dimensional vector subspace W of R* spanned by the vectors:

(1,0,0,0) and (0,0,1,0)
Then,
J(1,0,0,0) = (1 4140,0 +i0) = (1,0)
J(0,0,1,0) = (0 +10,1+10) = (0,1)

The set J(W) contains vectors (x,0) and (0,y) for z,y € R. So, obviously, they don’t
contain any complex scalar multiples of each other. This means that J(W) is not closed
under multiplication by complex scalars. Therefore, J(W) is not a vector subspace of C?
over the field C, let alone being 1-dimensional. O]

Problem 5

Answer the following questions with justifications:

(1) Let f : R — R be the function f(z) = |z|>. Is f real differentiable everywhere?
Now consider the extended function f : C — C given by f(z) = |z|>. Is f complex
differentiable everywhere?



(2) Let g : R — R be such that

x? sin(%) , ifx #£0,
g(x) =
0, if v =0.

Is g real differentiable everywhere? Now consider the extended function g : C — C
defined by

22 sin(%) , if 2 £ 0,
0, if z=0.

9(z) =
Is g complex differentiable everywhere?

Solution (1)

Proof. The function f(x) = |z|? is real differentiable everywhere on R. The derivative is
given by:
flx+h)—flx) .. (x+h)?—2* . 2zh+h?
!/ - = _—
o) = fimy S = = e =

Thus, f'(z) = 2x exists for all x € R.
Now, consider the extended function f(z) = |z|* for z € C. We can write:

fl2) =2+’

To check if f is complex differentiable, we use the Cauchy-Riemann equations. Let u(z,y) =
2?2 + 5% and v(z,y) = 0. The Cauchy-Riemann equations state that:

Ju Ov ou ov

—=— and — =-——

Jr Oy dy Ox
Calculating the partial derivatives:

ou ou ov ov
Ox “ oy Y oz 0 0

Substituting these into the Cauchy-Riemann equations:
20 =0 and 2y=0

These equations hold only at the point (0,0). Therefore, f(z) = |z|? is not complex differ-
entiable everywhere in C, only at z = 0. [



Solution (2)
Proof. Real differentiability: For x # 0,

g (z) = %( *sin(1/x)) = 2xsin(1/x) + 2% cos(1/z) - (—1/2°) = 2z sin(1/x) — cos(1/z).

At x = 0, we check the difference quotient:

— h?sin(1
lim 2 =90 _ ) WESATR)  sing /).
h—0 h h—0 h h—0
Since |hsin(1/h)| < |h| — 0, the limit exists and equals 0. Thus
g'(0) =0.

Therefore ¢ is differentiable at every real z.
Complex differentiability:

At z = 0 we check the derivative:

limw = limzsin(l) )

z—0 z z—0 Z

Take z, = % — 0. Then

Since |sin(n)| < 1, we have

1 1
—sin(n)| <= —0
n n
So the limit along the real axis is 0.
Take w, = + — 0. Then
1 . (1 . .
— = —in, Sm(w—) = sin(—in).
Wy, n
Using sin z = eiz_zf_iz,
‘ ( ‘ ) ei(—in) _ e—i(—in) e — e "
sin(—in) = =
21 21
Hence
<1> 1 oet—e" et —e™"
wysin| — ) = — - : = .
Wn n 21 2n

As n — o0, this grows without bound.
Along the real axis, the limit is 0, while along the imaginary axis, the difference quotients
are unbounded. Therefore

i 7sin(1)

does not exist as a finite complex number. Hence ¢ is not complex differentiable at 0.
O



Problem 6

Suppose U C C is an open set, and let h: U — C be a function which is complex
differentiable everywhere. Show that the function H : U — C defined by

H(z) :=h(Z)

is also complex differentiable everywhere.

Solution

Proof. Let h(z) = u(z,y) + iv(z,y) where z = 2 + iy and u,v : U — R. Since h is complex
differentiable everywhere in U, it satisfies the Cauchy-Riemann equations:
Ju v

—— an

%_83;

ou__ov
oy Oz

Now, consider the function H(z) = h(Z). Substituting z = x + iy:

H(z) = Wz —iy) = u(z, —y) + wv(z, —y) = w(z, —y) —v(z, —y)
Let U(z,y) = u(z, —y) and V(z,y) = —v(x, —y). Thus, we can write:
H(z) =Ul(z,y)+iV(z,y)

To show that H is complex differentiable, we need to verify that U and V satisfy the Cauchy-
Riemann equations:

o _ov ou_ ov
oxr Oy oy  Ox
Calculating the partial derivatives:
Y LT
or oz Y dy 8y$’ Y
and
8_V__@(x —y) v __ _@@ —y) _@(x —y)
8.’13' - ax y —Y)s ay - ay y Y - ay y Y

Now, substituting these into the Cauchy-Riemann equations:

U w0V
8x_8x’y_6y’y_8y
and

U ou (0w N oV

oy 8y’y_ ar V)T T
Thus, U and V satisfy the Cauchy-Riemann equations, which implies that H is complex
differentiable everywhere in U. O]



