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Consider the function
u:R* =R, (2,y) — 2® — 3xy?

1. Find a harmonic conjugate using the first method we saw in class, via integration.

2. Now find a harmonic conjugate using the method from Ahlfors (see pg. 27). [Hint: Let u :
R? — R be a harmonic function which is a polynomial (in two variables z,y). Show that the
function f : C — C defined by

is holomorphic and its real part is u.

Solution 1:

Part 1
Let us prove that u is a harmonic function.
We have:
Uy = 3% — 3y2,uy = —6zy
Uy = 6T, Uy, = —6T

Thus, tze + uyy = 0. Therefore, u is a harmonic function.

Let it’s conjugate be v. The method to find the harmonic conjugate:

v(z,y) = /Oy ug(x, t)dt + /j uy(s,0)ds

Yy T
:/ (3x2—3t2)dt—/ 65 - 0ds
0 0

= 32%y —o°
Therefore, the harmonic conjugate of v(z,y) = 322y — y°.

Part 2
Proof: We know w is a harmonic polynomial in two variables x, y, so we can see that f(z) is a polynomial
too. This implies that it is holomorphic.

Now, let us compute out f(z).

J(2) = 2u(5, ) = u(0,0)

2((5)° =35(;)*) 0

z
(5 242
23 323
4
3

4

z
= (z +iy)®
= (2% — 3zy?) +i(—y> + 32%y)

Since z,y € R, we see that the u defined in the problme is indeed the real part of f.



We know from the Alhfors method that the harmonic conjugate is the imaginary part of f. Therefore
the harmonic conjugate is ¥ + 3z2y. This matches up with the first part of the solution where we used the

integration method.

O

Let N be the last two digits of your Ashoka ID, define a function
logy : C\ {0} — C, logy(z):=log|r|+ 10,

where z = rexp(if) and —m+ N <0 <7+ N.
Is it true that for any two non-zero complex numbers z, w we have

log(zw) = log(z) + log(w)?

Solution 2:

Consider N = 55.
We define the function: logss(z) = log |r| + 0, —m + 55 < § < 7 + 55, where z = rexp(if).

We want to know if for any two non-zero complex numbers z,w we have
logss(2w) = logss(2) + logss (w)
. Let z =w = 1. Then, zw = 1.

Now, logss (2w) = logss(1) = log |1]| + 6. The real logarithm of 1 is 0. The argument ¢ is 0. But 0 is not
in the interval [—m + 55,7 + 55).

We take 0 = 0+ 2xk. The interval [—m + 55, 7 + 55) is equivalent to [51.8584, 58.1416). Take k = 9. This
implies 6 = 187 = 56.5486, which belongs in the interval. Thus, logss(zw) = 0 + i(187) = i(18x).

Similarly, logss(z) = logss(1) = #(187) and logss(w) = loggs(1) = i(187). But, logss(2) + logss(w) =
i(187) + i(187) = i(36).

Thus, logss(zw) # loggs(2) + logss(w) for z = w = 1. Hence, the statement is false.

Let ¥ = CU {o0}.

(1) Let 21, 29, 23, 24 and w1, wa, w3, w4 be points on ¥. Can we always find a Mdbius transformation
T such that T'(z;) = w;, for 1 < i < 47 Give proof or a concrete non-example.

(2) Let z1, 29,23 and wi,wq,ws be points on ¥. Can we always find a Mobius transformation 7'
such that T'(z;) = w; for 1 <4 < 37 Give proof or a concrete non-example.

Solution 3:
I will first do part (2) and then part (1).

Part (2):

Proof: Let zq, 20, 23 and w1y, w2, w3 be points on X. We want to find a Mobius transformation 7" such
that T'(z;) = w; for 1 <¢ < 3.

Let S be a Mobius transformation such that S(z1) = 00, S(22) = 0, 5(23) = 1. Such a Mobius transfor-
mation exists and is given by:
(z — 29)(23 — 21)
(z — 21)(23 — 22)

To check that this is indeed a Mobius transformation, we can write it as:

S(z) =

2(z3 — 21) — (2223 — 2122)
2(23 — 22) — (2123 — 2122)

S(2) =




This is of the form Zzzis, where a = 23 — 21,b = — (2023 — 2122),¢ = 23 — 20, d = — (2123 — 2122).

The determinant of this transformation is ad—bc = (23 —21)(— (2123 —2122)) — (— (2223 —2122) ) (23 — 22) =
(23 —21)(23 — 22)(22 — z1). This is non-zero as 21, 22, z3 are distinct. Therefore, S is a Mobius transformation.

Similarly, let’s construct a Mobius transformation R such that R(co) = wy, R(0) = wa, R(1) = ws. It is
given by inverse of the above transformation.

The inverse of a 2x2 matrix (CCL Z) is given by _adibc < d —b).

—C a

1 (—Zl (23 — ZQ) 22(23 - Zl)>
(23 — 21)(23 — 22)(22 — 21) (22 — 23) (23 — 21)
Since, 21, 22, 23 are arbitrary distinct points, put them as wi, ws, w3 respectively.
Z( z 7zizi —z )+ 29—z 22,3 —z . . . . .
Thus, R(z) = —za—=0a-=)C Es—22)E2-21)  We know inverse of a Mobius transformation is also a Mobius

A m=ym—y) T =
. (z3-=z1)(2—=1) / ' (z3-22)(s2—=1) .
transformation. So R is a valid Mobius transformation.

Now, consider the composition of the two Mobius transformations T'= Ro S.
Then, T(z1) = R(S(z1)) = R(o0) = wy. Similarly, T'(z2) = wy and T'(z3) = ws. Thus, we have found a
Mobius transformation T such that T'(z;) = w; for 1 < ¢ < 3.

Further, the Mobius transformation is unique. Assume there exists another Mobius transformation 7"
such that T"(z;) = w; for 1 <7 < 3.

Consider the Mobius transformation U = T’ o T=!. Then, U(w;) = T(T " (w;)) = T'(2;) = w; for
1 < ¢ < 3. This fixes three points. Now, a Mobius transformation that fixes three points is the identity
transformation. Let’s do a quick proof of that.
__ az+b

Let U(z) = c=+q be a Mobius transformation that fixes three points wi, ws,ws. A fixed point is a point

that remains unchanged by the transformation. This implies:

az—i—b_z
cz+d

=+ (d—a)z—b=0

This is a quadratic equation. It can have at most two distinct roots. But we have three distinct fixed
points. Thus, the only possibility is that ¢ = 0,d — a = 0, —b = 0. This implies a = d and b = 0. Thus,

U(z) = % = z. This is the identity transformation.

Using this result, we have T”oT~! is the identity transformation. This implies 77 = T. Thus, the Mobius
transformation is unique.
Hence, we have proved that for any three distinct points 21, 22, z3 and wy, w2, w3 on X, there exists a unique
Mobius transformation T" such that T'(z;) = w; for 1 <¢ < 3.

O

Here I have assumed z;’s and w;’s are distinct. But even if they are equal, things will be fine.
Consider, WLOG z; = 29, and w; = we. Then you can take any z4 # 21, wy # wy.

From the above where we assumed it to be distinct, we can have a Mobius transformation that maps
(21,23, 24) = (w1, w3, wy).

21 — Wi, 29 — W2, 23 — W3.

Similarly, this can be done for 3 of the elements being equal.

Part (1):

Proof:

Let z1, 29, 23, 24 and w1y, wa, w3, w4 be points on X. We want to find a Mobius transformation 7" such that
T(z;) =w,; for 1 <i<A4.



Put z; = wy, 20 = we, 23 = ws. From part (2), we know there exists a unique Mobius transformation T
such that T'(z;) = w; for 1 <i < 3 and this transformation is the identity transformation.

Now, consider zy and wyg. If z4 = wy, then T'(z4) = wy. But if z4 # wy, then T(z4) # wy as T is
the identity transformation. Therefore, there does not always exist a Mobius transformation 7" such that
T(z;) = w; for 1 < i < 4 for any arbitrary points 21, 22, 23, 24 and wy, wy, w3, w4 on 2.

O

Show that the function f: R — R given by
1
F0)=0, f(z)=exp (—332> for 2 40

is smooth (i.e. infinitely differentiable). Consider the Taylor series centered at 0,

™0
Ty o(a) im Zf ©0)

n!
n=0

Show that T is identically the 0 function on all of R and so it cannot be the function f.
Hint: Show via induction that for > 0 and n > 1, f((x) is of the form p,(z~!)f(x) for some
polynomial p,(Y) in the variable Y.

Solution 4:

Proof:
To show that f is infinitely differentiable, we will prove that f(™)(z) exists and is continuous for all n. > 0.

Claim: For x # 0 and n > 1, f(™(z) is of the form p,(z~')f(z) for some polynomial p, (Y) in the
variable Y.
We will prove this by induction on n.

Base Case: For n = 1, we have:

where p;(Y) = 2Y3. Thus, the base case holds.
Induction Hypothesis: Assume that for some k > 1, f*)(z) = pp(z~1) f(2) for some polynomial py(Y).

Induction Step: We need to show that f*+1)(z) = py,(271) f(z) for some polynomial py1(Y).

We have: d d
#4990 & (7911) = 2 ot

Using the product rule, we have:

FEH (@) = ph(a™) f () +pi(a ™) f ()

Now, from the Base Case, we know that f/(x) = p;(z~1)f(z). We can substitue this back into the above
equation to get:

FE(z) = ( )(fl)'f(x)+Pk($*1)P1(3«“*l)f(fﬂ)
= (pi( N 4 prpi(h)) f(2)

Let pr+1(Y) = pi(Y) + pe(Y)p (Y) his is a polynomial in Y as it is a sum and product of polynomials.
Thus, we have f*+1)(z) = pyy1(2™") f(2).

Thus, by induction, we have shown that for 2 # 0 and n > 1, f(™ () is of the form p,(z~!) f(z) for some
polynomial p,,(Y) in the variable Y.

Now, we need to show that f(™(0) exists for all n > 0.



We know f(0) = 0.
Let us proceed by induction on n.
Base Case: For n =0, f(0) =0 exists.
Induction Hypothesis: Assume that for some k& > 0, f*)(0) exists.
Induction Step: We need to show that f*+1)(0) exists.

We have: (k)( ) (k)( ) (k)( )
RN 100 B Al ) N L)
SEN0) = fimy ) L

From the claim, we know that for h # 0, f*)(h) = p(h=")f(h). Thus,

gy e DA e exp ()
JEED0) = Jim = m = i P

Here we see that exp(—%) = ﬁ So as h — 0, % — 00, and therefore, the exponential function grows.

h2
We know, that the exponential function grows much faster than the polynomial function. So, the de-

nominator grows faster than the numerator. Therefore, f*+1(0) — 0. O

Proof:
Now, we show that T is identically the 0 function on all of R and so it cannot be the function f.

n!

> £(n)
Tto(x) == Z 7f 0) z".
n=0

From the above proof, we know £(™(0) = 0, Vn.

If the following power series converge, find the radius of convergence (centered at 0):

o0
(1) Z n!lz"  (you are not allowed to use Stirling’s approximation),
n=0

= 2" if n is odd
(2) > caz" where c, = L edh
= 3" if n is even.

Solution 5:

Part (1):

Proof: Let a, = n!. We will use the ratio test to find the radius of convergence.
We have:

8= lim |%nt!
n—00 | Ay
1)!
= lim (nt+1)
n—00 n!
=+
=0

The radius of convergence R is given by R = % = R =0, for |z| <0.

O
Part (2):



Proof: Let a, = ¢,. We will use the root test to find the radius of convergence.
We have:
B = limsup a, /"
= limsup ¢, /™
= lim sup(3™)'/™
=3

. . . _ 1 o 1
The radius of convergence R is given by R = 7 = R=3 U

Consider the polynomial

P(z) = H (z — ik).

1<k<2025

(1) Show that

P'(z) 1
P02) = Z — whenever P(z) # 0.
1<k<2025

(2) Show that roots of P’ lie in the upper-half plane.

Solution 6:
Part (1):

Proof:
] 2025 772025 .
Claim: P'(z) = S22 ([12% L, (= — i)

We will prove this by induction on n.

Base Case: For n =1, we have P(z) = (2 —i). Thus, P'(z) = 1. The claim holds.
Induction Hypothesis: Assume that for some k > 1, the claim holds for n = k.
Induction Step: We need to show that the claim holds for n = k + 1.
We have:lgjéim‘r’

J

k+1
P(z) = [[(z-j)
j=1
k
=(z—i(k+1) [[(z—ij)

j=1

Using the product rule, we have:

k d k
Pl(2) = [T =) + =itk + 1) - - ( [Tz =)

From the induction hypothesis, we know that % (H;C:l(z - 1])) = anzl(l_[f:u#m(z —il)). We can

substitute this back into the above equation to get:

Thus, by induction, we have proved the claim.



Now, we can write:

2025 /772025 .
P'(z) _ Lak=1 (Hj:l,j;ék(z —ij))
P(z) 127 (2 — i)
- 2025
N z —1k
k=1

whenever P(z) # 0.
]

Part (2):

Proof: We know, P(z) = iojf’(z —ik). The roots of P(z) are of the form z = ik, k € [1,2025]. So, the
roots are: 4,21, 3i,...,2025¢. This shows us that all the roots of P are imaginary, and lie in the upper-half

plane.

Observe that:

P'(2)
P(z)=0 =0
(2) = Pl2)
whenever P(z) # 0.
Any root of P’(z) satisfies root of 1;((5)) = iojf L.
Let z = x + iy where z,y € R.
11
z—ik x4y —ik
_ z—i(y—k)
2t (y — k)2
Now,
—art+(y—k)? -k et (y—k)?

For 1;’((5)) = 0, both real and imaginary parts have to be equal to 0.

2025
:Z (y — k)

= a?+ (y—k)?
If y <0, then (k —y) >0,

Z W=k _,
— x?+ (y —k)?

But this is not true, as the imaginary part is equal to 0. Thus, y > 0.
O

Let f : C — C be a holomorphic function such that
f'(z) = f(z), VzeC.

Show that
1(2) = FO)",

Hint: Use the result that derivative zero implies function is constant.

Solution 7:
Proof: Let g(z) = L2,

ez




Put f'(z) = f(z) as given in the problem:

! —
g(2)=T—0

We know, that if the derivative of a function is zero, then the function is a constant.
Thus, g(z) = C, for some C € C.

9(z) =C = féf)
eZ
= f(z)=C¢*
Evaluating f at z = 0:
foy=ce’ =cC

This shows f(z) = f(0)e*. O



