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Question 1: Let f : R2 → R be a function defined as f(x, y) = min{x, y} for all (x, y) ∈ R2.
Check if this function is linear by the definition then give a proof, or if it is not linear provide
an example.

Solution:
This map is not linear.
Here is a counterexample.
Let (x1, y1), (x2, y2) ∈ R2, where

(x1, y1) = (−1, 3), (x2, y2) = (4,−3)

Now, according to the definition of linearity, one of the conditions that must hold is:

f((x1, y1) + (x2, y2)) = f(x1, y1) + f(x2, y2)

Substitute the values:

LHS: f((−1, 3) + (4,−3)) = f((3, 0)) = min{3, 0} = 0

RHS: f(−1, 3) + f(4,−3) = min{−1, 3}+min{4,−3}
= −1 + (−3) = −4

∴ LHS ̸= RHS ⇒ f is not a linear map.

Question 2: Let f : R2 → R be a function defined as f(x, y) =
√
x+ y for all (x, y) ∈ R2.

Check if this function is linear by the definition then give a proof, or if it is not linear provide
an example.

Solution:
The map f is not linear.
Here is a counterexample:
Let (x, y) ∈ R2, let α = 2.

According to the definition of linearity, the following condition must be satisfied:

∀(x, y) ∈ R2, ∀α ∈ R \ {0}, f(α(x, y)) = αf(x, y)

For α = 2:
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LHS: f(2(x, y)) = f(2x, 2y) =
√
2x+ 2y =

√
2(x+ y) =

√
2
√
x+ y

RHS: 2f(x, y) = 2
√
x+ y

⇒ LHS ̸= RHS ∴ f is not linear.

Question 3: Let f : R2 → R2 be a function defined as f(x, y) = (x + y,−x) for all
(x, y) ∈ R2. Check if this function is linear by the definition then give a proof, or if it is not
linear provide an example.

Solution:
The map f is linear.
Proof:
According to the definition, a map φ : R2 → R2 is linear if for all (x1, y1), (x2, y2) ∈ R2 and
α ∈ R:

1. φ((x1, y1) + (x2, y2)) = φ(x1, y1) + φ(x2, y2)

2. φ(α(x, y)) = αφ(x, y)

Additivity:

f((x1, y1) + (x2, y2)) = f(x1 + x2, y1 + y2)

= ((x1 + x2) + (y1 + y2), −(x1 + x2))

= (x1 + y1, −x1) + (x2 + y2, −x2)

= f(x1, y1) + f(x2, y2)

Homogeneity:

f(α(x, y)) = f(αx, αy)

= (αx+ αy, −αx)

= α(x+ y, −x)

= αf(x, y)

Both properties are satisfied, so f is a linear map. □

Question 4: Consider the following system of linear equations:

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

am1x1 + am2x2 + · · ·+ amnxn = bm
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In matrix form, this can be written as:

Ax = b,

where:

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 , x =


x1

x2
...
xn

 , b =


b1
b2
...
bm


Two systems of linear equations are considered equivalent if they have the same solution
set. Prove the following for the above system:

1. For fixed i and j, swapping the i-th row with the j-th gives a new system which is
equivalent to the above system.

Proof:
Let the solution set of the given system be S. Let the new system be A′x = b′, and its

solution set be S ′.
We need to show that S = S ′.
(I) To show: S ⊆ S ′

Fix i, j ≤ m (number of rows).
Swapping the i-th row with the j-th row in Ax = b, we get A′x = b′.
Now, choose some s⃗ ∈ S. Then, for all k ∈ {1, . . . ,m},

ak1s1 + ak2s2 + · · ·+ aknsn = bk

To show s⃗ ∈ S ′:

• For k ̸= i, j: s⃗ satisfies the k-th equation of A′x = b′.

• For k = i: the i-th equation in A′x = b′ is the j-th equation in Ax = b, which s⃗
satisfies.

• For k = j: the j-th equation in A′x = b′ is the i-th equation in Ax = b, which s⃗
satisfies.

Therefore, s⃗ ∈ S ′ for all s⃗ ∈ S, so S ⊆ S ′.
(II) To show: S ′ ⊆ S
The same argument holds in reverse.
Choose some s⃗′ ∈ S ′. Then, for all k ∈ {1, . . . ,m},

a′k1s
′
1 + a′k2s

′
2 + a′kns

′
n = b′k

To show s⃗′ ∈ S:

• For k ̸= i, j: s⃗′ satisfies the k-th equation in Ax = b.

• For k = i: s⃗′ satisfies the j-th equation in Ax = b.

• For k = j: s⃗′ satisfies the i-th equation in Ax = b.

Therefore, s⃗′ ∈ S for all s⃗′ ∈ S ′, so S ′ ⊆ S.
□
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